We consider two generalizations of tournaments, locally semicomplete digraphs introduced in Bang-Jensen (1990) and quasi-transitive digraphs introduced in Bang-Jensen and Huang (1995).
Introduction
A semicomplete digraph is a digraph with no non-adjacent vertices. A tournament is an oriented graph with no non-adjacent vertices. Thus tournaments are a special subclass of the semicomplete digraphs. A digraph is locally in-semicomplete (locally out-semicomplete) if the set of in-neighbours (out-neighbours) of any vertex induces a semicomplete digraph. A locally semicomplete digraph is a digraph that is both locally in-semicomplete and locally out-semicomplete. A locally tournament digraph is a locally semicomplete digraph with no cycles of length two.
A digraph is quasi-transitive if the existence of arcs x -+ y and y + z implies existence of at least one arc between x and z. Clearly, a semicomplete digraph is quasitransitive. Note that the arc between x and z can go in any direction, or both arcs could be present. Hence a quasi-transitive digraph is generally not transitive. However, in terms of the underlying graphs, quasi-transitive digraphs and transitive digraphs, are the same, namely, their underlying graphs are precisely the comparability graphs see e.g. [20, 21, 22] .
Even though quasi-transitive digraphs form a much larger class than semicomplete digraphs, they still posess some of the nice structure that semicomplete digraphs have [ 15,141. It was shown in [26] (see [8] for more general results) that the Hamiltonian path and Hamiltonian cycle problems are polynomially solvable for quasi-transitive digraphs. In fact, many properties of semicomplete digraphs depend only on either the quasi-transitivity of semicomplete digraphs, or the fact that semicomplete digraphs are also locally semicomplete. Locally semicomplete digraphs have a very nice structure and have been studied extensively; see e.g. [3, 4, 23, 24, . For a more detailed account of results on locally semicomplete digraphs and quasi-transitive digraphs, see also a very recent survey on generalisations of tournaments [7] .
We concentrate on problems concerning disjoint paths and cycles through specified arcs in locally semicomplete digraphs and quasi-transitive digraphs. We show that for this kind of problems, a significant part of the structure of semicomplete digraphs is still present for these two generalizations. We point out that results of Thomassen [31] on vertex-disjoint paths connecting specified vertices in highly connected tournaments are still valid for both locally semicomplete digraphs and quasi-transitive digraphs. Then we concentrate on the case of two paths with specified endpoints and give a best possible condition in terms of local connectivities, for a quasi-transitive digraph D to possess vertex-disjoint paths linking x to y and u to u, as well as a cycle through two specified arcs. We also show that there exists a polynomial algorithm for deciding whether a given quasi-transitive digraph has vertex-disjoint (u, v)-, (x, y)-paths for given distinct vertices U, u,x, y of D.
The proof technique used to prove some of the results for quasi-transitive digraphs also works for much more general digraphs and hence some of the results (Theorems 4.3, 4.5, 4.8) are quite general.
Terminology and preliminaries
We shall assume that the reader is familiar with standard terminology on directed graphs and refer the reader to [17, 18] . For a given digraph D we use V(D) (E(D)) to denote the vertex set (arc set) of D. We use u(D) to denote the size of a largest independent set of vertices in the underlying undirected graph of D. We use IDI to denote the number of vertices of D.
If there is an arc from x to y in the digraph D, then we say that x dominates y and denote this by x --+ y. We shall also sometimes denote the arc xy by the symbol x---f y, For a given vertex u E V(D) we use N+(u) (N-(u)) to denote the set of out-neighbours (in-neighbours) of u and let d+(u) = IN+(u)l, d-(u) = IN-(u)l. For any subset A of V(D) u E(D), D -A denotes the subgraph obtained by deleting all vertices of A and their incident arcs and then deleting the arcs of A still present.
The subgraph induced by a vertex set A of D is defined as D -(V(D)\A) and is denoted by D(A). We will often write x ED instead of x E V(D) or x E E(D), but the meaning will always be clear. A path is a digraph with vertex set x1,x2,. . . ,x, and arc set XI +x2,x2 --+x~,...,x,_I +x,?, such that all the vertices and arcs shown are distinct. We call such a path an (x1,x,)-path and denote it by ~1x2 . . 'x,. If P is a path containing a subpath from x to y, then we let P[x, y] denote the part of P from x to y.
A cycle is defined analogously. A k-cycle is a cycle of length k. We use the notation Ck to denote the directed cycle of length k, i.e. the digraph which is just a k-cycle.
An (x, y)-path P is minimal if no proper subset of V(P) induces a digraph with an (x, y)-path. Minimal paths play a very important role in this paper.
A strong component D' of a digraph D is a maximal subdigraph, such that for any two vertices x, y E V(D') , D' contains an (x, y)-path and a (y,x)-path. A digraph D is strong if it has only one strong component. D is k-strongly connected (or k-strong) if, for any set A of at most k -1 vertices, D -A is strong.
The local connectivity, KD(X, y), from x to y in a digraph D is the maximum number of internally vertex-disjoint paths in D from x to y. Sometimes, when there can be no confusion, we drop the subscript D.
Let X=(XI,X~,...,X~,YI,Y~,..., yk ) be an ordered set of distinct vertices of a digraph D. A k-linkage on X is a set of disjoint paths PI,. . . ,Pk such that Pi is an The following theorem characterises quasi-transitive digraphs in a recursive fashion. (1) If D is not strong, then there exist a natural number q 2 2, a transitive digraph Q on q vertices and strong quasi-transitive digraphs WI, Wz,. . . , W, such that D = Q[ WI, W2, . . . , W,l. A digraph on n vertices is round if we can label its vertices vo, VI,. . , , v,_ 1 so that for each i, N'(vi)={vi+,,..., vi+d+(o,)} and N-(vi) = {Vi-_d-(o,), . . . , vi-l} (indices are modulon). Note that every strong round digraph is hamiltonian.
Theorem 2.4 (Bang-Jensen and Gutin [3]). A locally tournament digraph is round if and only tf N+(v) and N-(v) induce transitive tournaments for all vertices v E V(D).
Hence, if a locally tournament digraph is round, then there exists a unique round labelling of D (up to cyclic permutations of the vertices). We refer to this as the round labelling of D.
A locally semicomplete digraph D is round decomposable if there exists a round locally tournament digraph R on r 2 3 vertices such that D = R[Si, . . . , $1, where each Si is a semicomplete digraph. We call R[Sl, . . . , S,] a round decomposition of D.
Proposition 2.5 (Bang-Jensen, Guo, Gutin and Volkmann [6]). Zf a locally semicomplete digraph D is round decomposable, then it has a unique round decomposition D=R[S,,..., $1, where each Si is a strong semicomplete digraph.
We shall call this the round decomposition of D and whenever we use the phrase 'the round decomposition' below it is to be understood that we think of this decomposition. 
.). Furthermore, every minimal separating set is contained in the set of out-neighbours of some vertex and hence induces a semicomplete digraph.
The following is an easy corollary of the complete characterization of locally semicomplete digraphs in [6] .
Theorem 2.7. Let D be a locally semicomplete digraph; then exactly one of the following possibilities hold. Furthermore, given a locally semicomplete digraph D we can decide in polynomial time which of the possibilities holds for D.
1. D is semicomplete and not round decomposable.
D is round decomposable with a unique round decomposition
D = R[S,, S,, . . . , S,.],
where R is a round locally tournament digraph on r 23 vertices and each Si is a
strong semicomplete digraph.
cc(D) = 2 and D is not round decomposable.

Linkings in highly connected locally semicomplete digraphs and quasi-transitive digraphs
The results in this section ,%end some analogous results in [5, 31] to locally semicomplete digraphs and :; '. ;.dnsitive digraphs.
We start with a simple, but very useful observation.
Lemma 3.1. Let D be a locally semicomplete digraph such that a(D) = 2. Ifx and y are non-adjacent vertices of D and D has an (x, y)-path, then there exists an (x, y)-path P of length at most 3.
Proof. It was shown in [3, Proposition 3.1 l] that every minimal (x, y)-path P in a locally semicomplete digraph is induced. Thus if P has more than three arcs, then
. Let D be a k-strong locally semicomplete digraph, kb3, which is round decomposable and let D = R[S,, . , S,] be the round decomposition of D. Let x and y be vertices such that x E V(S) and y E V(Sj), where i # j and let P be a minimal (x, y)-path. Then D -V(P) is (k -2)-strong.
Proof. First note that by the minimality of P, 1 V(P) n V(S)1 6 1 for all t = 1,2,. . . , r. The following proposition was proved in [31] in the case when D is a tournament. By inspection of the proof in [31] one sees that the only place where Thomassen uses the fact that he is dealing with a tournament, rather than an arbitrary digraph, is to be sure that there is an arc between every successor of x and every predecessor of y on the paths PI,..., Pr below. Hence we can state Thomassen's result in the following much stronger form: Proof. We can assume that each Pi is a minimal (x, y)-path. Suppose there exist i and j such that the predecessor u of y on Pi is not adjacent to the successor v of x on Pi. Then we get from Lemma 3.1 that D' contains an (x, y)-path of length at most 5, contradicting the assumption. Note that D' is strong since the assumption of the lemma and Lemma 3.1 implies that y -+x. Thus u + v must hold. 0 = (x1,x2,. . . , Xk, ~1, ~2,. . . , yk) is an ordered set of distinct vertices in D such that K(x;, yi) Z f (k) for all i = 1,. . . , k, then D has a k-linkage on X.
Proof. Let f(1) = 1 and f(k)=2(k -l)f (k -1) + 2k + 1 for k>2. We shall prove by induction on k that this choice works for f. It is clearly OK for k = 1, so we proceed to the induction step assuming k 22. Suppose that x1,x2,. . . ,xk, ~1, ~2,. . . , yk are distinct vertices in a locally semicomplete digraph D for which u(D) = 2 and assume that tc(xj,y,)>,2(k -l) 
Corollary 3.8. Every f (k)-strong locally semicomplete digraph is arc-k-cyclic.
The function f(k)
is probably far from best possible for Theorem 3.7 and Corollary 3.8. In particular, f (2) = 7, but, using the characterization of locally semicomplete digraphs in [6] , it should be possible to prove that the following holds. Conjecture 3.9. Every Sstrong locally semicomplete digraph is 2-linked.
For cycles through 2 specified arcs we believe that we can even obtain Conjecture 3.10. Every 3-strong locally tournament digraph is arc-2-cyclic.
In [5] Conjecture 3.9 was proved for semicomplete digraphs and Conjecture 3.10 was proved for tournaments. It was also shown that for semicomplete digraphs, one needs 5-strong connectivity to guarantee that the digraph is arc-2-cyclic.
We now mm to quasi-transitive digraphs.
Lemma 3.11. Let D be a quasi-transitive digraph and let x and y be vertices such that x does not dominate y. Suppose PI and P2 are internally vertex-disjoint minimal (x, y)-paths, each of length at least 3. Then the predecessor of y on Pi is adjacent
to the successor of x on Pj for i, j E { 1,2}.
Proof. Let x' be the successor of x on pj and y' the predecessor of y on Pi. Then the claim follows from Lemma 2.1, since y' +x and x+x'. 0
Combining Lemma 3.11 and Proposition 3.4 we get
Proposition 3.12. Let x, y, u, v be distinct vertices of a quasi-transitive digraph D.
Suppose K(U, v)>q + 2 and that PI, Pz, . . . , Pr are internally vertex-disjoint minimal (x, y)-paths, which together induce a quasi-transitive digraph with no (x, y)-path of length ~3. Then D has q internally vertex-disjoint (u, v)-paths, the union of which
intersects at most 2q of the paths PI, P2, . . . , Pp.
Proposition 3.12 implies the following result on linkings in highly connected quasitransitive digraphs: X = (x1 ,x2,. . . , xk,yl,y2,...,yk) is an ordered set of dis-
Theorem 3.13. There exists, for each natural number k, a natural number g(k) such that the following holds: If
tinct vertices in a quasi-transitive digraph D such that K(x~, yi)>g(k) for each i = 1,2,..., k, then D has a k-linkage on X.
Proof. The proof is almost the same as the one given in [31] and very similar to the proof of Lemma 3.4. Again we consider minimal paths. This time we can show that g(k) works, where g(k) is defined by g(k)=2(kl)g(k -1) + 3, g(1) = 1. This is a fast growing function and is probably far from best possible. It is, however, best possible, even for tournaments, when k = 2 as pointed out in [5] . 0 IC(U, v) 2 g(k) for any u, v E {x1 ,x2,. . . ,xk, yl, y2,. . . , yk}, then XI +yl,x~+y2,..., xk -+ yk are contained in a cycle of D occurring in any prescribed order.
The 2-linkage problem for quasi-transitive digraphs and generalizations of quasi-transitive digraphs
We start with a best possible sufficient condition for 2-linkages in terms of local connectivity.
Theorem 4.1. Let D be a quasi-transitive digraph and let x1,x2, ye, y2 be distinct vertices of D. If D -{xi, yl) has 3 internally vertex-disjoint (x;?, y2)-paths and D -(x2, yz} has 2 internally vertex-disjoint (XI, ye)-paths, then D has vertex-disjoint (XI, Y I 1, (~2, YZ )-paths.
Proof. We shall not give the proof here since it is almost identical to the proof of Theorem 3.1 in [5] . We choose minimal paths and use the minimality to deduce the adjacencies that are used in the proof in [5] . ?? Theorem 4.1 is best possible, even for tournaments as shown in [5] , where we gave an infinite family of 4-strong tournaments which are not 2-linked. In fact, the example in [5] also shows the existence of 4-strong semicomplete digraphs with no cycle through two given arcs yi 4x2, y2 --+x1.
We now turn our attention to 2-linkages in digraphs that are much more general than quasi-transitive digraphs. Recall that Cz denotes a cycle of length 2. = F[E,,, ,E,,>, . . ,E,,,] , f}, and   2. Si is a strong diqraph, and 
Lemma 4.2. Let D = F[Sl, S,, . . . , S,] where F is a strong diqraph on f 22 vertices and each Si is a diqraph with ni vertices and let Do
be the diqraph obtained from D by deleting every arc which lies inside some Si (i.e. each E,,, is the diqraph on ni vertices and no arcs). Let S be a minimal (wrt. inclusion) separating set of Do. Then S is also a separating set of D, unless
1. S= V(Si)U V(&)... U V(Sf)\V(Si) for some iE {1,2,...
D = C,[S,Sj]. In particular, if F has at least three vertices, then D is k-strong if and only tf Do is k-strong.
Proof. Let = F[S,, S2, . , . , Sf] where F is a strong diqraph on f B 2 vertices   and each S, is a diqraph with ni vertices and let x1 ,x2, yl, y2 be distinct vertices S;, such that the diqraph D' = F[T,, T2,. .
. , Tf] has a pair of vertex-disjoint (XI, ye )-, (x2, y2)-paths if and only if D has such a pair of paths. Furthermore, given D and XI,X~,YI,Y~, D' can be constructed in time O(n2), where n is the number of vertices of D.
Proof. If D has the desired paths, then so does any digraph obtained from D by adding arcs. Hence if D has the desired paths, then trivially D' exists and can be constructed in time O(n*).
If no Si contains each of XI, yl or each of x2, yz, then it is easy to see that D has the desired pair of paths if and only if it has such a pair which does not use any arc inside any Sj. Thus, in this case we can add arcs arbitrarily inside each Si to obtain a D' which satisfies the requirement.
Suppose next that some Si contains all of the vertices XI ,x2, yr, ~2. If there is an (xi, yj)-path P in Si -{x3_j,y3_j}, i= 1 or 2, then it follows from that fact that F is strong that D has the desired paths and thus clearly D' exists. Thus, we may assume that there is no (xj, yj)-path P in Si -{x3-j, yJ_j} for j = 1,2. NOW, it is easy to see that D has the desired pair of paths if and only if it has such a pair which does not use any arc inside any Si. Thus, we can replace Si with a tournament in which XI and x2 both have no out-neighbours in Si -{xi ,x2} and every other Sk by an arbitrary tournament on the same vertex set. Clearly the digraph D' obtained in this way satisfies the requirement.
Suppose now w.1.o.g. that xl, yr E V(Sj) for some j but x2 # l'(Sj). Suppose first that y2 E V(Sj). If there is no (xl, yr )-path in Sj -~2, then D has the desired paths if and only if it has such a pair which does not use any arc inside any Si and we can construct D' by adding arcs in Sj in such a way that no (XI, y1 )-path avoiding y2 is created (that is y2 will still separate x1 from yl in D( V(S'))) and arbitrary arcs in every other Si. On the other hand, if Sj -y2 contains an (XI, yl)-path avoiding ~2, then it follows from the fact that F is strong that D has the desired paths and hence trivially D' exists. Hence we may assume that y2 $! l'(Sj).
If Sj contains an (XI, y1 )-path which does not cover all the vertices of Sj, then it follows from the fact that F is strong that D has the desired paths. Thus, we may assume that either Sj has no (XI, yr )-path, or every (XI, yr )-path in Sj contains all the vertices of Sj. In the last case we may assume that V(Sj) separates x2 from ~2. Now D has the desired paths if and only if it has such a pair which does not use any arcs from Sj. Thus, we can construct D' by replacing Sj by a tournament with no (xl, yr )-path and every other Si by an arbitrary tournament on the same vertex set, except in the case when x2 and y2 belong to some Si, i #j. In this case we replace that Si by a tournament with no (x2, y2)-path (by the remark above we may assume that Si has no (x2, ~2 )-path).
In follows from the considerations above that D' can be constructed in time 0(n2). ??
The proof of the following easy lemma is left to the reader. Note that four is best possible as seen by taking the symmetric digraph obtained from the undirected graph consisting of four-cycle xrx2yry2xr and a vertex z joined to each of the four other vertices (by replacing each edge by a directed cycle of length two). D = F[Sl, Sl, . . . ,Sf] , where Si is an arbitrary digraph on ni vertices, i = 1,2,. . . , f. If D is k-strong, then D is 24nked. D = F[Sl, S2, . . . , Sj.1, where Si is an arbitrary digraph on ni vertices, i = 1, 2,. . . , f, be given. By Lemma 4.4 we may assume that D cannot be decomposed as D = C~[RI ,Rz], where RI and R2 are arbitrary digraphs. Construct D' as described in in order to decide the existence of the desired paths in D. The algorithm of [ 161 can be used to find vertex-disjoint (xi, VI)-, (x2, yz)-paths in D' if they exist and given these paths it is easy to construct the corresponding paths in D (it suffices to take minimal paths). 0
Proof. Let
By inspecting the proof of Theorem 4.3 it is not difficult to see that the following much more general result is true. The main point is that, when we have decided that the desired paths exits if and only if there are such paths that use no arcs inside any Si, then instead of making each I;: semicomplete, we may just as well make it an independent set, by deleting all arcs inside 5';. 
. , DiFi]: F E Qi, each Di is a general digraph}.
There is a polynomial algorithm for the 2-linkage problem in @* tf and only tf there is a polynomial algorithm for the 2-linkage problem for all digraphs in @o.
This result shows that studying extensions of digraphs can be quite useful. Extensions of digraphs were also studied in [8] [9] [10] 12, 13, 25, 26] .
One example of such a class @ for which Theorem 4.8 applies is the class of strong semicomplete digraphs. This follows from the fact that we can reduce the 2-linkageproblem for extended semicomplete digraphs to the case of semicomplete digraphs in the same way as we did for quasi-transitive digraphs in the proof of Theorem 4.7. Hence, the 2-linkage problem is polynomially solvable for all digraphs that can be obtained from strong semicomplete digraphs by substituting arbitrary digraphs for vertices. It is important to note here that @ must consist only of strong digraphs, since it is not difficult to reduce the 2-linkage problem for general digraphs (which is NPcomplete [19] ) to the 2-linkage problem for those digraphs that can be obtained from the digraph H consiting of just an arc u -+ u by substituting arbitrary digraphs for the vertex v.
Sufficient conditions for the existence of a cycle through two disjoint arcs in quasi-transitive oriented graphs
As mentioned in the beginning of the last section, even in the case when yi +x2 and y2 +x1 are arcs, we still need D to be Sstrong to guarantee vertex-disjoint (xi, y1 ), (x2, y2)-paths in an arbitrary quasi-transitive digraph. Now, we restrict our attention to oriented graphs, that is digraphs without 2-cycles. We shall show that, just as in the case of tournaments, the required connectivity resp. local connectivity guaranteeing the existence of a cycle through two disjoint arcs is smaller in the case of quasi-transitive oriented graphs. Let el = y1 +x2 and e2 = y2 +x1 be disjoint arcs in a quasi transitive oriented graph D. If D has 4 internally vertex-disjoint (XI, y1 )-paths and 3   internally vertex-disjoint (x2, y2)-paths, then D has a cycle through el and ez. Proof. Suppose first that ICE+,, Y, 1 (~2, y2) = 1. Let Q , ( 
Proposition 5.1.
. A 3-strong quasi-transitive digraph has a cycle through any pair of disjoint arcs el,e2, provided that none of these arcs is on a 2-cycle. In the case where one (both) of these arcs is on a 2-cycle 4-strong (5-strong) is su$icient and best possible.
As shown in [5] Theorem 5.2 is best possible in terms of connectivity, even for tournaments.
Remarks and conjectures
In [2] we solved the weak 2-linkage problem (i.e. given D and distinct vertices XI ,x2, yI, y2 E V(D), does there exist arc-disjoint (xl, yl )-, and (x2, y2)-paths?) in the case of semicomplete digraphs. This was done in terms of a complete characterisation of those semicomplete digraphs that have no such paths for specified vertices XI ,x2, yI, y2 E V(D). Using the same approach as taken in the proof of Theorem 4.3 it is not difficult to see that the same characterisation holds for quasi-transitive digraphs also. We leave the details to the reader.
In [l] we gave a complete characterisation of those semicomplete digraphs D that have no (x,z)-path through y for specified vertices x, y and z. This characterisation is in terms of a construction that allows one to construct all such semicomplete digraphs starting from semicomplete digraphs have a vertex u that is on all (x, y)-paths in D -z and on all (y,z)-paths in D -x. This characterisation can also be extended to quasi-transitive digraphs. This can be seen by inspecting the proof in [l] . Some passages need to be changed, but this is not too difficult to do. One can also use the approach used to prove Theorem 4.3 to see that the result can be extended to quasi-transitive digraphs. Again we leave the details to the interested reader.
For locally semicomplete digraphs we believe that using the structure theorem in [6] and the algorithm for the case of semicomplete digraphs in [ 161 one can prove the following conjecture. Conjecture 6.1. The weak 2-linkage problem and the 2-linkage problem are polynomially solvable for locally semicomplete digraphs.
